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§65) 1) Recall that cosh z =

∞∑
n=0

z2n

(2n)!
for |z| <∞. Therefore,

z cosh(z2) = z

∞∑
n=0

(z2)2n

(2n)!
=

∞∑
n=0

z4n+1

(2n)!

§65) 2) a) Since f (n)(z) = ez for any n ∈ N, we have f (n)(1) = e. Hence

ez =

∞∑
n=0

f (n)(1)

n!
(z − 1)n = e

∞∑
n=0

(z − 1)n

n!

b) ez = e× ez−1 = e

∞∑
n=0

(z − 1)n

n!
.

§65) 3) For |z| <
√

2,

f(z) =
z

z4 + 4

=
z

4
· 1

1− (−z4/4)

=
z

4
·
∞∑

n=0

(−1)n
z4n

42n

=

∞∑
n=0

(−1)n

22n+2
z4n+1

§65) 4) Since cos z = − sin
(
z − π

2

)
and sin z =

∞∑
n=0

(−1)n
z2n+1

(2n+ 1)!
, we have

cos z = − sin
(
z − π

2

)
= −

∞∑
n=0

(−1)n
(z − π/2)2n+1

(2n+ 1)!
=

∞∑
n=0

(−1)n+1 (z − π/2)2n+1

(2n+ 1)!

§65) 9) Since sin z =

∞∑
n=0

(−1)n
z2n+1

(2n+ 1)!
, we have

f(z) = sin(z2) =

∞∑
n=0

(−1)n
z4n+2

(2n+ 1)!

Since we also have f(z) =

∞∑
n=0

f (n)(0)

n!
zn, by comparing the coefficients, we have

f (4n)(0) = 0 and f (2n+1)(0) = 0

for n = 0, 1, 2, . . . .
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§65) 11) For 0 < |z| < 4,

1

4z − z2
=

1

4z
· 1

1− z
4

=
1

4z
·
∞∑

n=0

(z
4

)n
=

1

4z
+

∞∑
n=1

(
zn−1

4n+1

)
=

1

4z
+

∞∑
n=0

(
zn

4n+2

)

§68) 1) For 0 < |z| <∞, f(z) = z2 sin

(
1

z2

)
= z2

∞∑
n=0

(−1)n
z−4n−2

(2n+ 1)!
= 1 +

∞∑
n=1

(−1)n
1

(2n+ 1)!
· 1

z4n
.

§68) 3) For 1 < |z| <∞, f(z) =
1

z(1 + z2)
=

1

z3
· 1

1 + 1
z2

=
1

z3

∞∑
n=0

(
−1

z2

)n

=

∞∑
n=0

(−1)n

z2n+3
=

∞∑
n=1

(−1)n+1

z2n+1

§68) 5) For |z| < 1, we have

1

z − 1
= − 1

1− z
= −

∞∑
n=0

zn

For |z| > 1, we have

1

z − 1
=

1

z
· 1

1− 1
z

=
1

z
·
∞∑

n=0

1

zn
=

∞∑
n=0

1

zn+1

Similarly, for |z| < 2, we have

1

z − 2
= −1

2

1

1− z
2

= −
∞∑

n=0

zn

2n+1

For |z| > 2, we have

1

z − 2
=

1

z
· 1

1− 2
z

=
1

z
·
∞∑

n=0

2n

zn
=

∞∑
n=0

2n

zn+1

As a result,

• in D1,

f(z) =
1

z − 1
− 1

z − 2
= −

∞∑
n=0

zn +

∞∑
n=0

zn

2n+1
=

∞∑
n=0

(2−n−1 − 1)zn

• in D2,

f(z) =
1

z − 1
− 1

z − 2
=

∞∑
n=0

1

zn+1
+

∞∑
n=0

zn

2n+1
=

∞∑
n=0

zn

2n+1
+

∞∑
n=1

1

zn

• in D3,

f(z) =
1

z − 1
− 1

z − 2
=

∞∑
n=0

1

zn+1
−
∞∑

n=0

2n

zn+1
=

∞∑
n=1

1− 2n−1

zn
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